The rate of step propagation for an isolated, continuous and curved step with bulk diffusion is solved within the steady-state approximation and it is noted that the Chernov model of parallel sequence of step advance is without effort adapted to the curved step. The solution of the Laplace equation in toroidal coordinates for a diffusion layer of arbitrary extension yields the diffusion flux density to the step perimeter expressed as a Legendre series. For the special case of diffusion without convection (infinitely thick diffusion layer), the step velocity is found to vanish as an inverse square-root of the radius of curvature for large values of the same. For a sequence of steps, this effect should be even more pronounced.
• The step is a segment of a semitorus of greater radius R and smaller radius a/π, where a is the 25 molecular diameter. 26 • Kinks are so numerous along the step that it is essentially a continuous sink for growth units. 27 • Activity coefficients are unity. 28 • There is a steady-state. 29 • Surface diffusion is negligible. 30 2. Toroidal coordinates and the solution of the Laplace equation 31 The symmetry of a curved step suggests the use of toroidal coordinates. These are obtained by rotating the 2D bipolar coordinates around a fixed axis of symmetry and may be defined as [6, p. 112] x = r sinh η cos ψ cosh η − cos θ (1)
where the coordinates satisfy η ∈ [0, ∞), θ ∈ [−π, π] and ψ ∈ [−π, π], respectively. The parameter r is a scaling factor of the coordinate system. For each value of r, a new toroidal coordinate system is obtained. It is related to the greater radius of the torus, R, by
and to the lesser radius a/π by r = a π sinh η 1 (5)
where η 1 defines the surface of the torus. The angle θ refers to the latitudinal direction, where θ = π/2 is directed parallel to the z-axis. The azimuthal angle ψ denotes rotation about the z-axis at a distance
The circle defined by ρ = r, z = 0 where ρ is its radius, is referred to as the "reference circle" and constitutes 32 the thinnest possible torus. For such a torus, θ has no meaning. We shall find use for this thin-torus 33 approximation, in which case R and r are equal and can be used interchangeably. The Laplacian in toroidal coordinates is given by [6, p. 112]
where ξ = cosh η. where A is a constant, the solutions are obtained from (ξ 2 − 1)H ′′ + 2ξH ′ − ((p 2 − 1/4) + q 2 /(ξ 2 − 1))H = 0 (10) Θ ′′ + p 2 Θ = 0 (11)
where the primes indicate derivation. The first of these is the associated Legendre equation (p, q are constants) and its solutions are linear combinations of the associated Legendre functions [7] {P q p− 1 2 (ξ)} and {Q q p− 1 2 (ξ)}. Of these, the Q-functions become irregular for η → 0, corresponding to great distance from the torus or close to the z-axis and must be excluded for physical reasons. The solutions to Eqs (11) and (12) are of the same general form. Because of the requirement that the solutions be periodic on the torus, there is no linear term even when p = q = 0, so they are
and p, q are non-negative integers because of the same periodicity requirement, whereas B p , B ′ q and C p , C ′ q are arbitrary constants. Assuming azimuthal symmetry, Legendre's equation replaces the associated Legendre equation, B ′ q = C ′ q = 0 and the general solution is given by 36 We suppose that the concentration at the step is
Particular solution for a continuous step at arbitrary distance from bulk in radial direction
and that it is
at the end of the diffusion layer. This means that
and
Since c ∞ is even in θ, all sine terms must vanish. Then, through the relation (Heine's equation)
we may deduce that
Summing both equations and then solving for A, yields
where we have defined
for future reference. Finally,
Equidistant parallel steps: Chernov solution 37
In Chernov's solution for the straight step [2], the solution for an isolated step is generalized to the sequence of parallel steps by substituting the radial distance by a periodic term. On the condition that all the steps have the same radius of curvature, this approach is directly applicable also the current case, since along the radial direction the periodic situation is exactly the same for the curved step. In toroidal coordinates, Chernov's change of variables takes the following form, 
The boundary conditions affect the following changes
but the equations are otherwise unchanged. For future convenience, we also define ρ = α 2 + β 2 . In toroidal coordinates, the gradient operator is given by
so the diffusion flux density to the embryo perimeter, as given by Fick's law, is
In the general case, the step velocity is given by [8] v
where v m is the molecular volume of the building unit in the crystal, ν an attachment rate constant, 40 c 1 the concentration of growth units in the step vicinity, c 0 the solubility, R the radius of the surface 41 cluster, R * the critical radius for surface nucleation and x 0 the mean distance between kinks. The factor 42 (a 2 /x 0 )ν(c 1 − c 0 ) ≡ j i is the integration flux density. Balancing the integration and diffusion flux densities, 43 means that the former becomes implicitly dependent on θ and that the step velocity can be decomposed 44 into contributions from flux densities at different angles. We shall treat the different cases individually. Step at arbitrary distance from bulk in radial direction 46 In this case,
and Σ ′ 2 = ∂Σ 2 /∂ξ 1 . Not surprising, the flux density is higher from inside the perimeter, as we have neglected the Ehrlich-Schwoebel effect [9, 10]. Solving j i = j d for c 1 (θ) and inserting it into Eq. (34) gives
Chernov-type solution 48
In this case, it is rather j d = −D(∂c/∂ρ) ρ= a π that we seek. We have by the chain rule 
In all,
We shall denote the last factor by −f (θ) for brevity and where the minus sign is for later aesthetic reasons. Its dependence on θ stems from all possible α and β, such that α 2 + β 2 = (a/π) 2 . They are given by α 1 = (a/π) sin θ and β 1 = (a/π) cos θ. Solving the flux density balance for c 1 (θ) and
Non-convective step velocity 49
While it is not expected that Eq. (37) capture all the fine peculiarities of the rate dependence on stirring of growth from solutions, we do note that it is well-defined for all possible extensions of the stagnant layer. This parameter plays a role in the balance between diffusion and kinetic control of the growth. One case that is of particular interest, since it has to the author's knowledge not been treated before, is that of complete absence of convection. In this case we let δ → ∞ and we have
Because of the asymptotic properties of the Legendre functions, [7] 
for large R, so for this expression, when R → ∞, the step velocity vanishes as O(R − 1 2 ). In the case of growth due to surface nucleation, [11, 12, 13 ] especially in the mononuclear regime, this means that because the surface covered (from a surface cluster) grows as R 2 , however, the surface covered actually goes asymptotically as O(t 3 2 ) (t is time). On the other hand, in the case of complete convection, ξ δ = ξ 1 and the expression reduces to
which attains its maximum when R → ∞ and the surface coverage goes like O(t 2 ). As pertains to Eq. (42), 50 compared to Eq. (37), the overlap correction is completely contained in −f (θ), which is a monotonically 51 decreasing function of R. In spiral growth [1, 2] , where such an equation would find its use, the effect 52 should hence be even more pronounced. This mass transport restriction on the rate of step advance works 53 to counter the Gibbs-Thomson increase. 54
Conclusion

55
Within the steady-state approximation, a general equation for the isolated step velocity with bulk dif-56 fusion from arbitrary distance, taking into account also the inhomogeneity of the resulting diffusion-field 57 around it, has been derived and the method of Chernov [2] has been adjusted to take account of that correc-58 tion so that a sequence of equally curved steps can be described. For the special case of bulk diffusion from 59 infinite distance (no convection), it has been shown that the step velocity for great radii of curvature should 60 vary as an inverse square-root of the same and that this effect should be less pronounced for an isolated step 61 front, than for a sequence of many.
